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Abstract 

In this paper we discuss Hausdorff and packing measures of random continuous 
trees called stable trees. Stable trees form a specific class of Levy trees (introduced 
by Le Gall and Le Jan in [28J) that contains Aldous's continuum random tree which 
corresponds to the Brownian case. We provide results for the whole stable trees and 
for their level sets that are the sets of points situated at a given distance from the 
root. We first show that there is no exact packing measure for levels sets. We also 
prove that non-Brownian stable trees and their level sets have no exact Hausdorff 
measure with regularly varying gauge function, which continues previous results from 
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1 Introduction 

Stable trees are particular instances of Levy trees that form a class of random compact 
metric spaces introduced by Le Gall and Le Jan in |28j as the genealogy of Continuous 
State Branching Processes (CSBP for short). The class of stable trees contains Aldous's 
continuum random tree that corresponds to the Brownian case (see [2j [3]). Stable trees 
(and more generally Levy trees) are the scaling limit of Galton- Watson trees (see j 11 j 
Chapter 2 and [9]). Various geometric and distributional properties of Levy trees (and 
of stable trees, consequently) have been studied in [12] and in Weill |35| . An alternative 
construction of Levy trees is discussed in j 15 j . Stable trees have been also studied in 
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connection with fragmentation processes: see Miermont [30, 31j, Haas and Miermont [22j, 
Goldschmidt and Haas [20] for the stable cases and see Abraham and Delmas [1] for 
related models concerning more general Levy trees. 

Fractal properties of stable trees have been discussed in [12] and p3]: Hausdorff and 
packing dimensions of stable trees are computed in [12] and the exact Hausdorff measure 
of Aldous' continuum random tree is given in [13j . The same paper contains partial results 
for the non-Brownian stable trees that suggest there is no exact Hausdorff measure in these 
cases. In this paper we prove there is no exact packing measure for the level sets of stable 
trees (including the Brownian case) and we also prove that there is no exact Hausdorff 
measure with regularly varying gauge function for the non-Brownian stable trees and their 
level sets. 

Before stating the main results of the paper, let us recall the definition of stable CSBPs 
and the definition of stable trees that represent the genealogy of stable CSBPs. CSBPs 
are time- and space-continuous analogues of Galton- Watson Markov chains. They have 
been introduced by Jirina [24J and Lamperti |25j as the [0, oo]-valued Feller processes 
that are absorbed in states {0} and {oo} and whose kernel semi-group (pt(x,dy);x G 
[0, oo], £ G [0, oo)) enjoys the branching property: pt(x, ■) *p t (x', •) = p t (x + x', •), for every 
x,x' G [0, oo] and every t G [0,oo). As pointed out in Lamperti [25], CSBPs are time- 
changed spectrally positive Levy processes. Namely, let Y = (Y t , t > 0) be a Levy process 
starting at that is defined on a probability space (Q, J 7 , P) and that has no positive 
jump. Let x G (0,oo). Set A t = ini{s > : du/(Y u + x) > t} for any t > 0, and 
T x = inf {s > : Y s — — x}, with the convention that inf = oo. Next set Z t = X^ tA T x if 
At A T x is finite and set Z t = oo if not. Then, Z = (Z t , t > 0) is a CSBP with initial state 
x (see Helland [23] for a proof in the conservative cases). Recall that the distribution of Y 
is characterized by its Laplace exponent ip given by E[exp(— XY t )] = exp(tip(X)), t, A > 
(see Bertoin [4j Chapter 7). Consequently, the law of the CSBP Z is also characterised 
by ip and it is called its branching mechanism. 

We shall restrict to j-stable CSBPs for which ^(A) = A 7 , A > 0, where 7 G (1, 2]. The 
case 7 = 2 shall be refered as to the Brownian case (and the corresponding CSBP is the 
Feller diffusion) and the cases 1 < 7 < 2 shall be refered as to the non-Brownian stable 
cases. Let Z be a 7-stable CSBP defined on (Q, J 7 , P). As a consequence of a result due to 
Silverstein [33], the kernel semigroup of Z is characterised as follows: for any A, s,t > 0, 
one has E[exp(— \Zt+ s )\Z s } = exp(—Z s u(t,X)), where u(t, A) is the unique nonnegative 
solution of du(t,X)/dt = — u(t, A) 7 and u(0,X) = A. This ordinary differential equation 
can be explicitly solved as follows. 



It is easy to deduce from this formula that 7-stable CSBPs get almost surely extinct in 
finite time with probability one: P(3t > : Z t = 0) = 1. We refer to Bingham [5] for 
more details on CSBPs. 




t,x > . 



(1) 
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Levy trees have been introduced by Le Gall and Le Jan in [28] via a coding function 
called the height process whose definition is recalled in Section 12.21 Let us briefly recall 
the formalism discussed in [12J where Levy trees are viewed as random variables taking 
values in the space of all compact rooted K-trees. Informally, a M.-tree is a metric space 
(T, d) such that for any two points a and a' in T there is a unique arc with endpoints a 
and a' and this arc is isometric to a compact interval of the real line. A rooted M-iree is a 
R-tree with a distinguished point that we denote by p and that we call the root. We say 
that two rooted M-trees are equivalent if there is a root-preserving isometry that maps 
one onto the other. Instead of considering all compact rooted M-trees, we introduce the 
set T of equivalence classes of compact rooted M-trees. Evans, Pitman and Winter in [18] 
noticed that T equipped with the Gromov-Hausdorff distance [21], is a Polish space (see 
Section [2T21 for more details). 

With any stable exponent 7 G (1, 2] one can associate a sigma-finite measure 7 on T 
called the "law" of the 7-stable tree. Although 7 is an infinite measure, one can prove 
the following: Define T(T) = sup CTg7 - d(p, er) that is the total height ofT. Then, for any 
a G (0, 00), one has 

e 7 (r(T)>a) = (( 7 -i)a)-^ 

Stable trees enjoy the so-called branching property, that obviously holds true for Galton- 
Watson trees. More precisely, for every a > 0, under the probability measure 7 ( • | T(T) > 
a) and conditionally given the part of T below level a, the subtrees above level a are dis- 
tributed as the atoms of a Poisson point measure whose intensity is a random multiple of 
7 , and the random factor is the total mass of the a-local time measure that is defined 
below (see Section [2.21 for a precise definition). It is important to mention that Weill 
in [35] proves that the branching property characterizes Levy trees, and therefore stable 
trees. 

We now define 7 by an approximation with Galton- Watson trees as follows. Let 
£ be a probability distribution on the set of nonnegative integers N. We first assume 
that ^2k>o k£(k) = 1 and that £ is in the domain of attraction of a 7 -stable distribution. 
More precisely, let Y\ be a random variable such that log E[exp(— AYi)] = A 7 , for any 
A G [0,oo). Let ( J*., k > 0) be an i.i.d. sequence of r.v. with law £. We assume there 
exists an increasing sequence (a p ,p > 0) of positive integers such that (a p )~ 1 (Ji + • ■ ■ + 
J p —p) converges in distribution to Y\. Denote by r a Galton- Watson tree with offspring 
distribution £ that can be viewed as a random rooted M-tree (r, 5, p) by affecting length 1 
to each edge. Thus, (r, p) is the tree r whose edges are rescaled by a factor 1/p and we 
simply denote it by Jr. Then, for any a G (0, 00), the law of under P( • | %T(t) > a) 
converge weakly in T to the probability distribution 7 ( • | T(T) > a), when p goes to 00. 
This result is Theorem 4.1 [12J. 

Let us introduce two important kinds of measures defined on 7-stable trees. Let 
(7~,d,p) be a 7-stable tree. For every a > 0, we define the a-level set T(a) of T as the 
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set of points that are at distance a from the root. Namely, 



T(a) := {a G T : d(p, cr) = a 



}■ 



(2) 



We then define the random measure £ a on T(a) in the following way. For every e > 0, 
write T e (a) for the finite subset of T(a) consisting of those vertices that have descendants 
at level a + e. Then, B 7 -a.e. for every bounded continuous function / on T, we have 



The measure £ a is a finite measure on T(a) that is called the a-local time measure ofT. 
We refer to [12] Section 4.2 for the construction and the main properties of the local time 
measures (£ a , a > 0) (see also Section [2T21 for more details). Theorem 4.3 |12| ensures we 
can choose a modification of the local time measures (£ a , a > 0) in such a way that a i— > £ a 
is 7 -a.e. cadlag for the weak topology on the space of finite measures on T . 
We next define the mass measure m on the tree T by 



The topological support of m is T. Note that the definitions of the local time measures 
and of the mass measure only involve the metric properties of T . 

Let us mention that 7-stable trees enjoy the following scaling property: For any c G 
(0,oo), the "law" of (T,cd,p) under G 7 is c 1/(7_1) G 7 . Then, it is easy to show that for 
any a, c G (0, 00) the law of c 1 ^ 7 " 1 ' (£ a ^ c ) under 6 7 is the law of (£ a ) under c 1 /' 7 " 1 ) 6 7 
(here, (£ b ) stands for the total mass of the 6-local time measure). Similarly, the law of 
c7/(t-i) (m) under 7 is the law of (m) under c 1/(7_1) 7 . Since £ a and m are in some sense 
the most spread out measures on respectively T(a) and T, these scaling properties give 
a heuristic explanation for the following results that concern the fractal dimensions of 
stable tree (see [12] for a proof): For any a G (0, 00), B 7 -a.e. on {T(a) ^ 0} the Hausdorf 
and the packing dimensions of T(a) are equal to 1/(7 — 1) and G 7 -a.e. the Hausdorf and 
the packing dimensions of T are equal to 7/(7 — 1). 

In this paper we discuss finer results concerning possible exact Hausdorff and packing 
measures for stable tree and their level sets. We first state a result concerning the exact 
packing measure for level sets. To that end, let us briefly recall the definition of packing 
measures. Packing measures have been introduced by Taylor and Tricot in [31]. Though 
their construction is done in Euclidian spaces, it easily extends to metric spaces and more 
specifically to 7-stable trees. More precisely, for any a G T and any r G [0, 00), let us 
denote by B(a,r) (resp. B(a,r)) the closed (resp. open) ball of T with center a and 
radius r. Let A C T and e G (0,oo). A e-packing of A is a countable collection of 
pairwise disjoint closed balls B(x n ,r n ), n > 0, such that i„6/i and r n < e. We restrict 
our attention to packing measures associated with a regular gauge function in the following 



(r,/) = hm ((7-1)5)— 



(3) 



aeTe(a) 




(4) 
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sense: A function g : (0,ro) — > (0, oo) is a regular gauge function if it is continuous, non 
decreasing, if lim 0+ g = and if there exists a constrant C G (1, oo) such that 

3C>1: g(2r)<Cg(r), re(0,r /2). (5) 

Such a property shall be refered as to a C-doubling condition. We then set 

V* g (A)=Yim sup j^g(r n ); (B(x n , r n ), n > 0) e- packing of a| (6) 

^ n>0 

that is the g-packing pre-measure of A and we define the g-packing outer measure of A as 

P 5 (A) = inf Ac{jE n }. (7) 

n>0 n>0 

As in Euclidian spaces, V g is a Borel regular metric outer measure (see Section 12.11 for 
more details). The following theorem shows that the level sets of stable trees have no 
exact packing measure, even in the Brownian case. 

Theorem 1.1 Let 7 G (1,2] and let us consider a '-f-stable tree (T,d,p) under its excur- 
sion measure 7 . Let g : (0, 1) — > (0, 00) be any continuous function such that 

lim r~~g{r) = . (8) 



1 1 



(i) If Yln>i 2t- 1 5'(2 n ) < 00, then for any a G (0,oo) ; 9 7 -a.e. on {T(a) 7^ 0} and for 

£ a -almost all a, we have 

hminf 1 , )} =00. (9) 

n->oo gyl n j 

Moreover, if g is a regular gauge function, then V g (T(a) ) = ; 7 -a.e. 

r — 1 t 

(ii) // Z/n>i 2T _1 5'(2 _n ) = oo ; then for any a G (0,oo) ; 6 7 -a.e. and for £ a - almost all 

a, we have 

fainf f(flM-)) =0 , (10) 

Moreover, if g is a regular gauge function, then V g (T(a)) = 00, B 7 -a.e. on i/je 
event {T(a) ^ 0}. 

This result is not surprising, even in the Brownian case, for it has been proved in [29] 
that super-Brownian motion with quadratic branching mechanism has no exact packing 
measure in the super-critical dimension d > 3 and [29] provides a test that is closed in 
some sense to the test given in the previous theorem. 
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Remark 1.1 For any p > 1, define recursively the functions log p by \og 1 = log and 
log p+1 = log p o log. The previous theorem provides the following family of critical gauge 
functions for packing measures of level sets of a 7-stable tree: For any 6 G 1 and any 

p > 1, set 

1 

T 7—1 

9 P ,e( r ) = 1 • 

(log(l/r) . . . log p (l/r))7 (log p+1 (l/r)) e 

If 7$ > 1, then for any a G (0, 00), one has Vg ve {T{a) ) = 0, G 7 -a.e. and if 7$ < 1, then 
for any a G (0, 00), one has V gpg (T(a) ) = 00, 9 7 -a.e. on the event {T(a) 7^ 0}. □ 

Remark 1.2 Although the level sets of stable trees have no exact packing measure, the 
whole 7-stable tree has an exact packing measure as shown in the preprint [10| . More 
precisely, for any r G (0, 1/e), we set 

7 

T 7-1 

g{r) 



1 

I 7-1 



(loglog 1/r) 

Then, there exists Cq G (0, 00) such that V g = Cq m, 7 -a.e. □ 

Let us briefly recall the definition of Hausdorff measures on a 7-stable tree (7~, d). Let 
us fix a regular gauge function g. For any subset E C T, we set diam(£') = sup^ eE d(x, y) 
that is the diameter of E. For any A cT, the g-Hausdorff measure of A is then given by 

T-ig{A) = lim inf j ^g(diarn(£ n )); diam(£„) < e and A C |J E n \. (11) 

C ^ n>0 ?i>0 

As in the Euclidian case, TL g is a metric and Borel regular outer measure on T . In 
the Brownian case Theorem 1.3 in [13] asserts that there exists a constant c\ G (0, 00) 
such that for any a G (0,oo), 62-a.e. we have 7i gi (■ fl T(a) ) = ci £ a , where gi(r) = 
r log log 1/r. The non-Brownian stable cases are quite different as shown by the following 
proposition that asserts that in these cases, there is no exact upper-density for local time 
measures. Let us mention that the first point of the theorem is proved in Proposition 5.2 
1131. 



Proposition 1.2 Let 7 G (1,2) and let (T,d,p) be ^-stable tree under its excursion 
measure B 7 . Let g : (0, 1) — > (0, 00) be a continuous function such that 

limg(r) = and Y\mr~~g{r) = 00 . (12) 

r— >0 r— >0 

(i)(Prop. 5.2 fTSIj) If J^ n>1 g( - 2 - n ^ 7 _i < oo ; then for any a G (0, 00), 7 -a.e. for ^-almost 
all a, we have 

n->oo g\£ ) 

Moreover, if g is a regular gauge function, then "H 9 (T(a) ) = oo, 7 -a.e. on the 
event {T(a) ^ 0}. 
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(ii) If J2 n >i g (2- n )-'- 1 = °°> then for any a G (0,oo) ; 7 -a.e. on the event {T(a) 7^ 0} 
and for l a -almost all a, we have 

£ a (B(a,2- n )) , s 

limsup^-^-^ = oc. (14) 

Recall that a function g is regularly varying at with exponent q iff for any c G (0, 00), 
g(cr)/g(r) tend to c 9 when r goes to 0. 

Theorem 1.3 Let 7 6 (1, 2) and /e£ (T, d, p) be *y -stable tree under its excursion measure 
7 . T/ien the level sets of T have no exact Hausdorff measure with continuous regularly 
varying gauge function. More precisely, let g : (0, 1) — > (0, 00) be a regular gauge function 
that is regularly varying at 0. 

- Either for any a G (0,oo), we 9 7 -a.e. have 7-L g (T(a)) = 00, on {T(a) 7^ 0}, 

- or for any a G (0,oo), we 7 -a.e. have r H g (T{a)) = 0. 

Remark 1.3 Proposition 11.21 and Theorem 11.31 suggest that if 

2 -n 



„(■)-" 1 



4^ 9(2- 

n>l yv 

then, 'H g (T(a)) = 0, G 7 -a.e. as conjectured in [13]. The best result in this direction is 
Theorem 1.5 in [13] that shows that T-i g {T{a)) = 0, 7 -a.e. if g is of the following form: 

g (r) = r"^(logi)^(loglogi)" , 

with u < 0. □ 

Let us discuss now the Hausdorff properties of whole stable trees. In the Brownian 
case, Theorem 1.1 in [T3] asserts that there exists a constant C2 G (0, 00) such that 02- 
a.e. we have T-L g2 = c<i m, where g^ir") = r 2 loglogl/r. In the non-Brownian stable cases, 
the situation is quite different as shown by following proposition that asserts that in these 
cases, the mass measure has no exact upper- density. Let us mention that the first point 
of the theorem is proved in Proposition 5.1 |13| . 

Proposition 1.4 Let 7 G (1,2) and let (7~,d,p) be ^-stable tree under its excursion 
measure 7 . Let g : (0, 1) — > (0, 00) be a function such that 

limg(r) = and limr ~i- 1 g(r) = 00. (15) 
1 — >o r->0 
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(i) (Prop. 5.1 lIBj) If Yl n >i g (2-")7-i < °°> then 7 -a.e. for m-almost all a, we have 

m(B(a,2- n )) , . 

limsup^-^-^ = 0. (16) 

Moreover, if g is a regular gauge function, then / H g (T) = oo, G 7 -a.e. 

(ii) If J2 n >i g ( 2 -n- ) "-i = oo, then 7 -a.e. for m-almost all a, we have 

hmsup Jl n =oo. (17) 
The previous proposition is completed by the following result. 

Theorem 1.5 Let 76 (1,2) and let (T, d, p) be 'y- stable tree under its excursion measure 
7 . Then T has no exact Hausdorff measure with continuous regularly varying gauge 
function. More precisely, let g : (0,1) — > (0, 00) be a regular gauge function that is 
regularly varying at 0. 

- Either l-ig{T) = 00, 7 -a.e. 

- or H g (T) = 0, 7 -a.e. 

Remark 1.4 Proposition II .41 and Theorem 11.51 suggest that if 

x ^ 2~~< n 

> — ; ; = 00 

^ o(2- n )7-i 

n>l yv 1 

then, % g {T) = 0, G 7 -a.e. as conjectured in [13J. The best result in this direction is 
Theorem 1.4 in [TJ] that show that H g (T) = 0, 7 -a.e. if g is of the following form: 

g (r) = r"^r(logi)^ T (loglogi)" , 

with u < 0. □ 



The paper is organised as follows. In Section |2TT| we recall the basic comparison results 
on Hausdorff and packing measures in metric spaces. In Section 12. 2\ we introduce the 
7-stable height processes and the 7-stable trees, and we recall a key decomposition of 
stable trees according the ancestral line of a randomly chosen vertex that is used to prove 
the upper- and lower-density results for the local time measures and the mass measure. 
In Section 12.31 we state various estimates that are used in the proof sections. Section |3] is 
devoted to the proofs of the main results of the paper. 
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2 Notation, definitions and preliminary results. 



2.1 Hausdorff and packing measures on metric spaces. 

Though standard in Euclidian spaces (see Taylor and Tricot [34J), packing measures are 
less usual in Polish spaces that is why we briefly recall few results in this section. As 
already mentioned, we restrict our attention to continuous gauge functions that satisfy a 
doubling condition: Let us fix C > 1. We denote by Qc the set of such regular gauge 
functions that satisfy a C-doubling condition and we set Q = {J c>1 Qc that is the set 
of the gauge functions we shall consider. Let us mention that, instead of regular gauge 
functions, some authors speak of blanketed Hausdorff functions after Larman |26| . 

Let (T, d) be an uncountable complete and separable metric space. Let us fix g G Qc- 
Recall from the definition of the g-packing measure V g and from ( TTTj) the definition 
of the g-Hausdorff measure H g . We shall use the following comparison results. 

Lemma 2.1 (Taylor and Tricot 13$ , Edgar fTb^). Let g G Qc- Then, for any finite Borel 
measure /i onT and for any Borel subset A of T , the following holds true. 

(iX/ liminf r _> M( ^;~ r)) < 1, for any a G A, then V g {A) > C- 2 fi(A). 

(ii) // liming > 1, for any a G A, then V g {A) < fi(A). 

(iii) // limsup r ^ ^fgp < 1, for any a G A, then U g {A) > C~ x n{A). 

(iv) // limsup r _ ^fgp > 1, for any a G A, then U g {A) < Cfi(A). 

Points (iii) and (iv) in Euclidian spaces are stated in Lemmas 2 and 3 in Rogers and 
Taylor j32]. Points (i) and (ii) in Euclidian spaces can be found in Theorem 5.4 in Taylor 
and Tricot [31]. We refer to Edgar [16] for a proof of Lemma [27T1 for general metric spaces: 
For (i) and (ii), see Theorem 4.15 |16| in combination with Proposition 4.24 [16] . For 
(iii) and (iv), see Theorem 5.9 |16| . 

Remark 2.1 Our definition of g-packing measures (that is Edgar's definition in [16] 
Section 5) is slightly different from that of Taylor and Tricot in [34J who use open balls 
packing and g(diam(-)) as set function. However, since the gauge function is continuous 
and since it satisfies a doubling condition, the corresponding packing measure is equivalent 
to ours. It only change the bounds in (iii) and (iv) in a obvious way. □ 

2.2 Height processes and Levy trees. 

In this section we recall (mostly from [11] and [12] ) various results concerning stable height 
processes and stable trees that are used in Sections 12.31 and in the proof sections. 
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The height process. We fix 7 G (1,2]. It is convenient to work on the canonical 
space D([0, 00), R) of cadlag paths equipped with Skorohod distance and the corresponding 
Borel sigma field. We denote by X = (X t ,t > 0) the canonical process and by P the 
canonical distribution of a 7-stable and spectrally positive Levy process with Laplace 
exponent ip(X) = A 7 . Namely, E[exp(— XX t )} = exp(tA 7 ), for any X,t > 0. Note that X t 
is integrable and that ELY t ] = 0, which easily implies that X oscillates when t goes to 
infinity. P-a.s. the path X has infinite variation (for more details, see Bertoin j3] Chapters 
VII and VIII ). 

In the more general context of spectrally positive Levy processes, it has been proved 
in Le Gall and Le Jan |28j and in [11] Chapter 1 that there exists a continuous process 
H = (H t ,t > 0) such that for any t > 0, the following limit holds in P-probability. 

H t :=\im- [ l{n <Xs <n+ s } ds , (18) 

where 7 t s stands for inf s < r < t X r . The process H = (H t ,t > 0) is called the ^-stable height 
process. As we see below, H provides a way to explore the genealogy of a 7-stable CSBP. 
We refer to Le Gall and Le Jan [28] for a careful explanation of ()18j) in the discrete setting. 

For any c G (0, 00), it is easy to prove that (c~ 1/7 X ct ,t > 0) has the same law as X 
and we easily derive from (JTSJ) that, under P, one has 

{c-^H cU t > 0) (1 = } (H t , t>0). (19) 

Excursions of the height process. In the Brownian case 7 = 2, X is distributed 
as a Brownian motion and (fT8|) easily implies that H is proportional to X — I, which 
is distributed as a reflected Brownian motion. In more general cases, H is neither a 
Markov process nor a martingale. However it is possible to develop an excursion theory 
for H as follows. Recall that X has infinite variation sample paths. Basic results on 
fluctuation theory (see [4] Chapter VI. 1 and VII. 1) entail that X — I is a strong Markov 
process in [0, 00) and that is regular for (0, 00) and recurrent with repect to this Markov 
process. Moreover, —I is a local time at for X — I (see Theorem VII. 1 [4]). Denote 
by iV 7 the corresponding excursion measure of X — I above and denote by (aj,bj), 
j G X, the excursion intervals of X — I above and by X 7 = X( a . + .) A f,. — j G X, 
the corresponding excursions. Then, the point measure X^-gz ^{-i a xi) is a Poisson point 
measure on [0, 00) x D([0, oo),R) with intensity dx <8> Nj(dX). Now, observe that (TL8j) 
implies that the value of H t only depends of the excursion of X — I straddling t and that 
\J jex {ctj,bj) = {t > : H t > 0}. This allows to define H under iV 7 (see the comments in 
Section 3.2 [TT] for more details). We use the slightly abusive notation N 1 {dH) for the 
"distribution" of H under the excursion measure N 1 of X — I above 0. For any j G X, 
we set W = Ht a -+.)/\b-- Then the iiPs are the excursions of H above 0, and the point 
measure 
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is distributed under P as Poisson point measure on [0, oo) x D([0, oo),M) with intensity 
dx <g> N y (dH). 

Set C := inf{t > : X t = 0} that is the total duration of X under iV 7 . Since X does 
not drift to oo, the lifetime ( is finite iV 7 -a.e. Moreover, iV 7 -a.e. Hq = = and H t > 
for any t G (0, (). We easily deduce from (1T91) the following scaling property for H under 
N y : For any c G (0, oo) and for any measurable function F : D([0, oo), R) — > [0, oo), one 
has 

c^N J (F(c~ 2 ^H ct ,t>0))=N J (F(H t ,t>0)) . (21) 



Local times of the height process. We recall here from [TT] Chapter 1 Section 
1.3 the following result: There exists a jointly measurable process (Li, a, s > 0) such that 
P-a.s. for any a > 0, s — > Li is continuous and non-decreasing and such that 



Vt, a > 0, 



limE 

£^0 







sup 




0<s<t 


£ Jo 



drl 



{a<H r <a+e} 



LI 







(22) 



The process (L?,s > 0) is called the a-local time of H. Recall that / stands for the 
infinimum process of X. Then, the following properties of local-times of H hold true: 
First observe that L° = —It, t > 0. Second, the support of the random Stieltjes measure 
dL a is contained in the closed set {t > : H t = a}. Moreover, a general version of the 
Ray-Knight theorem for H asserts the following: For any x > 0, set T x = inf{t > : 
X t = —x}. Then, the process (Lj, ; a > 0) is a distributed as a 7 -stable CSBP with 
initial state x. We refer to Le Gall and Le Jan [28] Theorem 4.2 or to [11] Theorem 1.4.1 
for a proof of this general version of Ray-Knight Theorem. 

The CSBP (Lj, ; a > 0) admits a cadlag modification that is denoted in the same 
way to simplify notation. An easy argument deduced from the approximation (l22p entails 
that J Q a L b Tx db — J Q x l{H t <a}dt. This remark combined with an elementary formula on 
CSBPs (whose proof can be found in Le Gall [27]) entails that 



E 



exp ( —\iL\ 



X 1 

JO 



{H t <a} 



dt 



exp ( — XK a (X, fi) ) , a, A,/i>0, (23) 



where K a (X,fi) is the unique solution of the following differential equation 



k (X, /i) = A and 



da 



(A, /i) = A — n a (X, /i) 7 , a,X,jj>0. 



(24) 



The function k plays an important role and we shall turn back to it further. 



It is possible to define the local times of H under the excursion measure iV 7 as follows. 
For any b > 0, let us set v{b) = iV 7 (supte[o,c] H t > b). The continuity of H and the Poisson 
decomposition ( 120]) obviously imply that v (b) < 00, for any b > 0. It is moreover clear 
that v is non-increasing and linioo v = 0. For every a G (0, 00), we then define a continuous 
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increasing process G [0,£]), such that for every b G (0, oo) and for any t > 0, one 

has 

' 1 



£->0 



lim iV 7 1 {sup H>b} sup 



0<s<tAC 



s 



drl{ a ^ £<Hr <a} - L a g 



0. (25) 



See j 11 j Section 1.3 for more details. The process (L%,t G [0, £]) is the a-local time of the 
height process. Note that iV 7 -a.e. the support of the Stieltjes measure dL a is contained 
in {t : H t = a}. 

Recall notation (aj,bj), j G X, for the excursion intervals of H above and set Q = 
bj — cij that is the the total duration of the excursion W . One easily deduces from ([2"5]) 
that fiLr x + A J ( f x l{ Ht < a }dt = ^n(L a b . - LsJ + A / J 1^ h j <a ^dt, where the sum in the 
right member is taken over the set indices j G Z such that —I a < x. Therefore, (T2"Uj) 
entails that 

iV 7 (l - e^ L c-Hf i{H t <« } «aj = Ka ( Aj } 0j A; /i; > o. (26) 

We refer to [1 1 J Chapter 1 for more details. By taking A = in the previous display, we 
get N 7 (l — exp(— /iL°) ) = u(a, //), where u is given by ([T]). This easily entails 

Va > , W 7 (L£) = 1 . (27) 

Let us also mention from [TT] the following formula 

Va>0, v(a) = N^swpHt > a) = iV 7 (L£ ^ 0) = ((7-1)0)"^ . (28) 

Levy trees. We first define R-trees (or real trees) that are metric spaces that gen- 
eralise graph-trees. 

Definition 2.1 Let (T, 5) be a metric space. It is a real tree iff the following holds true 
for any a±, Q\ G T. 

(a) There is a unique isometry / CT1)Cr2 from [0, 5(<7i, 02)] into T such that f ai ,a 2 {Q) = °\ an d 

/cri,<T 2 (^( cr i) (Jt i)) = °2- We denote by [cxi.,^] the geodesic joining <j 1 to cr 2 . Namely, 
[«7i,<7 2 ] := /oi.oaflMfaj^a)]) 

(b) If j is a continuous injective map from [0, 1] into T, such that j(0) = G\ and j(l) = (7 2 , 

then we have j ( [0, 1] ) = [<Ti, er 2 ]. 

A rooted R-tree is an R-tree (T, 8) with a distinguished point r called the root. □ 

Among metric spaces, R-trees are characterized by the so-called four points inequality 
that is expressed as follows. Let (T, 5) be a connected metric space. Then, (T, 5) is a 
R-tree iff for any o~i, er 2 , 03, 04 G T, we have 

<S(<7i,<7 2 )+<y(<73,<74) < (5(0"i, CT 3 ) + <y(<7 2 , <T 4 )) V (6 fa, <7 4 ) + <J(<7 2 , <7 3 )) ■ (29) 
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We refer to Evans [T7] or to Dress, Moulton and Terhalle [8J for a detailed account on 
this property. The set of all compact rooted R-trees can be equipped with the pointed 
Gromov-Hausdorff distance in the following way. Let (Ti,5i,ri) and (T 2 , f^ri) be two 
compact pointed metric spaces. They can be compared one with each other thanks to the 
pointed Gromov-Hausdorff distance defined by 

d Gn (T 1 ,T 2 )=M 5 H (jim),j 2 (T 2 )) V^MrOJ^)) . 

Here the infimum is taken over all ( j 1 , j 2 , (E, 5)), where {E,5) is a metric space, where 
ji : Ti — > E and j 2 : T 2 — > E are isometrical embeddings and where <5h stands for the usual 
Hausdorff metric on compact subsets of (E,5). Obviously dcm(Ti,T2) only depends on 
the isometry classes of T\ and T 2 that map i\ to r 2 . In [21| . Gromov proves that c/gh is a 
metric on the set of the equivalence classes of pointed compact metric spaces that makes 
it a complete and separable metric space. Let us denote by T, the set of all equivalence 
classes of rooted compact real-trees. Evans, Pitman and Winter observed in [18] that T 
is c?GH-closed. Therefore, (T, g?gh) i s a complete separable metric space (see Theorem 2 
of [18]). 

Let us briefly recall how R-trees can be obtained via continuous functions. We consider 
a continuous function h : [0, 00) — > R such that there exists a G [0, 00) such that h is 
constant on [a, 00). We denote by (h the least of such real numbers a and we view Ch as 
the lifetime of h. Such a continuous function is said to be a coding function. To avoid 
trivialities, we also assume that h is not constant. Then, for every s,t>0, we set 

b h (s,t) = inf Mr) and d h (s, t) = Ms) + hit) - 2b h (s, t). (30) 

r£[sAt,s\/t] 

Clearly dh{s,t) = dh{t, s). It is easy to check that dh satisfies the four points inequality, 
which implies that dh is a pseudo-metric. We then introduce the equivalence relation 
s ~/i t iff dh{s,t) = (or equivalently iff h(s) = h(t) = bh{s,t)) and we denote by 
Th the quotient set [0,Ch]/ Standard arguments imply that dh induces a metric on 
Th that is also denoted by dh to simplify notation. We denote by ph : [0, (h\ Th 
the canonical projection. Since h is continuous, ph is a continuous function from [0, (h\ 
equipped with the usual metric onto (Th, dh). This implies that (Th, dh) is a compact and 
connected metric space that satisfies the four points inequality. It is therefore a compact 
IR-tree. Next observe that for any t ,ti G [0,Ch] such that h(to) = h(t\) = min/i, we have 
Ph(to) — Ph(ti)', so it makes sense to define the root of (Th,dh) by ph = Ph(to)- We shall 
refer to the rooted compact R-tree (Th,dh, ph) as to the tree coded by h. 

We next define the ^-stable tree as the tree coded by the 7-stable height process 
(Ht, < t < Q) under the excursion measure iV 7 and to simplify notation we set 

(T H ,d H ,p H ) = (T,d,p) . 

We also set p = pu '■ [0, Q — > T . Note that p = p(0). Since = and since H t > 0, for 
any f 6 (0, (), ( is the only time t G [0, Q distinct from such that p(t) = p. 
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Let us denote by T the root-preserving isometry class of (T, d, p). It is proved in [12] 
that T is measurable in (T, c£gh)- We then define 7 as the "distribution" of T under 

Ny. 

Remark 2.2 We have stated the main results of the paper under 7 because it is more 
natural and because 7 has an intrinsic characterization as shown by Weill in [35] . How- 
ever, each time we make explicit computations with stable trees, we have to work with 
random isometry classes of compact real trees, which causes technical problems (mostly 
measurability problems). To avoid these unnecessary complications during the intermedi- 
ate steps of the proofs, we prefer to work with the specific compact rooted real tree (T, d, p) 
coded by the 'y-stable height process H under iV 7 rather than directly work under B 7 . So, 
we prove the results of the paper for (T,d,p) under iV 7 , which easily implies the same 
results under B^. □ 



The local time measures and the mass measure on 7-stable trees. As above 
mentioned, we now work with the 7-stable tree (T, d, p) coded by H under the excursion 
measure N T A certain number of definitions and ideas can be extended from graph-trees 
to real trees such as the degree of a vertex. Namely, for any a G T, we denote by n(cr) the 
(possibly infinite) number of connected components of the open set T\{cr}. We say that 
n(cr) is the degree of a. Let a be a vertex distinct from the root. If n(er) = 1, then we say 
that a is a leaf of T; if n(a) = 2, then we say that a is a simple point; if n(cr) > 3, then 
we say that a is a branching point of T. If n(a) = 00, we then speak of o as an infinite 
branching point. We denote by Lf(T) the set leaves of T, we denote by Br(T) the set 
of branching points of T and we denote by Sk(T) = 7\Lf(T) the skeleton of T . Note 
that the closure of the skeleton is the whole tree Sk(T) = T. Let us mention that H is 
not constant on every non-empty open subinterval of [0, (}, iV 7 -a.e. This easily entails the 
following characterisation of leaves in terms of the height process: For any t G (0, Q, 

pit) G Lf(T) Vs > , inf H s and inf H s < H t . (31) 

se[t— e,t] s£[t,t+e] 

Let us now define the the mass measure and the local time measures on T: The mass 
measure m is the measure induced by the Lebesgue measure £ on [0, (] via p. Namely, for 
any Borel set A of T, we have m(A) = £(p^ 1 (A)). We can prove that the mass measure 
is diffuse and its topological support is clearly T . Moreover m is supported by the set of 
leaves: 

m(Sk(T)) = . (32) 

For any a G (0, 00), the a-local time measure £ a is the measure induced by dL a via p. 
Namely, 

(r,/)= / dL a j( P (s)), 

Jo 
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for any positive measurable application / on T. Let us mention that the topological 
support of £ a is included in the a-level set T(a) = {cr G T : d(p, cr) = a} and note from 
the definition that the total mass (£ a ) of £ a is L\. Moreover, observe that T{a) is not 
empty iff sup// > a. Then, f l28l) can be rewritten as follows. 

Va>0, v(a) = iV 7 (T(a) ^ 0) = N^t ^ 0) = (( 7 -l)a)~^ . (33) 

As already mentioned, the a-local time measure £ a can be defined in a purely metric way 
by ([3]) and there exists a modification of local time measures (£ a , a > 0) such that a H- £ a 
is iV 7 -a.e. cadlag for the weak topology on the space of finite measures on T. Except in 
the Brownian case, a y £ a is not continuous and Theorem 4.7 [12] asserts that there is 
a one-to-one correspondence between the times of discontinuity of a i— > £ a , the infinite 
branching points of T and the jumps of the excursion X of the underlying 7-stable Levy 
process. More precisely, a is a time-discontinuity of a 1— >• £ a iff there exists a unique 
infinite branching point a a G T(a) such that £ a ~ = £ a + A a cv a . Moreover, a point a G T 
is an infinite branching point iff there exists t G [0, £] such that = cr and AX ( > 0; 
if furthermore a = a a , then A a = AX t . Now, observe that if a G T{a) is an atom of 
£ a , the definition ([3]) of £ a entails that a is an infinite branching point and that a is a 
time- discontinuity of a y £ a . Thus, o = a a . Recall that the Ray-Knight theorem for H 
asserts that a h-> (£ a ) is distributed as a CSBP (under its excursion measure), which has 
no fixed time- discontinuity. This (roughly) explains the following. 

Va>0, iV 7 -a.e. t is diffuse. (34) 

We refer to [12] for more details. 

The branching property for H. We now describe the distribution of excursions 
of the height process above level h (or equivalently of the corresponding stable tree above 
level b). Let us fix b G (0, 00), and denote by (g*, d b j), j G lb, the connected components of 
the open set {t > : H t > b}. For any j G denote by H b < j the corresponding excursion 
of H that defined by Hi' 3 = H^ g b +s ^ Ad b — b, s > 0. 

This decomposition is interpreted in terms of the tree as follows. Recall that B(p,b) 
stands for the closed ball with center p and radius b. Observe that the connected compo- 
nent the open set T\B(p,b) are the subtrees := p{{g b 3 , d))) , j G Jt- The closure 7~ b 
of Tj'° is simply U 77'°, where a) = p{g)) = p{d b ), that is the points on the 6-level 
set T{b) at which 77'° is grafted. Observe that the rooted compact M-tree (Tj b ,d,<jj) is 
isometric to the tree coded by . 

We then define H h s = H T b, where for every s > 0, we have set 

T b s = inf {t > : / ds l{H 3 <b} > s}. 
Jo 
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The process H b = (H b } s > 0) is the height process below b and the rooted compact R-tree 
(B(p,b),d, p) is isometric to the tree coded by H b . Let Qf, be the sigma-field generated 
by H b augmented by the ^-negligible sets. From the approximation (125j) . it follows that 
L\ is measurable with respect to Qj,. We next use the following notation 

N\ b) = iV 7 ( ■ | suptf > b) (35) 

that is a probability measure and we define the following point measure on [0, oo) x 
D([0,oo),R): 

M b = ^25 [L b b>HM) (36) 

The branching property at level b then asserts that under N^ b) , conditionally given A4b 
is distributed as a Poisson point measure with intensity 1^ L t^(x)dx (g) N 1 {dH). We refer 
to Proposition 1.3.1 in [11] or the proof of Proposition 4.2.3 [TT]. Let us mention that it 
is possible to rewrite intrinsically the branching property under G 7 : we refer to Theorem 
4.2 [12] for more details. 

Spinal decomposition at a random time. We recall another decomposition of 
the height process (and therefore of the corresponding tree) that is proved in [11] Chapter 
2 and in |12] under a more explicit form (see also [2] for further applications). This 
decomposition is used in a crucial way in the proof of the upper- and lower-density results 
for the local times measures and the mass measure. Let us introduce an auxiliary proba- 
bility space (Q, J 7 , P) that is assumed to be rich enough to carry the various independent 
random variables we shall need. 

Let (U t ,t > 0) be a subordinator defined on (Q, J 7 , P) with initial value Uq = and 
with Laplace exponent ip'W = 7-^ 7_1 ) A > 0. Let 

be a random point measure on [0, oo) x D([0, oo), K) defined on (Q, J 7 , P) such that a reg- 
ular version of the law of M* conditionally given U is that of a Poisson point measure with 
intensity dU r ® N 1 {dH). Here dU r stands for the (random) Stieltjes measure associated 
with the non-decreasing path r M- U r . For any a 6 (0, oo), we also set 

AC = E (38) 

jel* 

We next consider the 7-height process H under its excursion measure N 1 . For any t > 0, 
we set H l := (Hn s ^ + , s > 0) (here, ( -) + stands for the positive part function) and H l : = 
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(H(t+ S )A() S > 0)- We also define the random point measure Mt on [0, oo) x D([0,oo),R) 
by 

M = J^(H t )+J^f(H t ) := 8(r},H-*J) , (39) 

jeJt 

where for any continuous function h : [0, oo) — > [0, oo) with compact support, the point 
measure M(h) is defined as follows: Set hit) = inf [o,t] h and denote by dj), % G l{h) the 
excursion intervals of h — h away from that are the connected component of the open 
set {t > : h(t)-h(t) > 0}. For any i G 1(h), set h^s) = {{h-h)((gi + s) A d f ) , s > 0). 
We then define M(h) as the point measure on [0, oo) x D([0, oo), K) given by 

ter(h) 

Lemma 3.4 in |12] asserts the following. For any a and for any nonnegative measurable 
function F on the set of positive measures on [0, oo) x D([0, oo),R) (equipped with the 
topology of the vague convergence), one has 

iV 7 (JdLi F(M)) = E TO] • (40) 

We shall refer to this identity as to the spinal decomposition of H at a random time. 

Let us briefly interpret this decomposition in terms of the 7-stable tree T coded by 
H . Choose t G (0, () and set a = p(t) G T . Then the geodesic [p, a\ is interpreted as the 
ancestral line of a. Let us denote by 7~°, j G J ', the connected components of the open 
set T\[p, cr] and denote by 7i the closure of T° . Then, there exists a point aj G [p, cr] 
such that Ti = {o~j} U T° . Recall notation (r*,if**' J ), j G J7j from fl39|) . The specific 
coding of T by H entails that for any j G J there exists a unique j' G Jt such that 
d(p, <7j ) = r* ; and such that the rooted compact M-tree (7j , (i, crj ) is isometric to the tree 
coded by H*^' 

We now compute m(B(p(t),r)) in terms of J\f t as follows. First, recall from f )30|) the 
definition of b(s, t) and rf(s, t). Note that if H s = b(s, t) with s 7^ t, then p(s) G Sk(T) by 
( l3T|) . Let us fix a radius r in (0,H t ). Then, ( |32l) entails 

m(5(p(t),r)) = / l{d( s ,t)< r }C?S = / l{0<H s -6(s,t)<r-H t +6(s,t)}- 
JO JO 

The definition of (M (H l ) , M (H 1 )) entails 

m(5(p(t),r)) = 22 MHt-r,^]^) ■ / l {H *t,i< r - Ht+r t } ds, (41) 
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where £j stands for the lifetime of the path H* t,J . For any a G (0, oo) and for any r G [0, a], 
we next set ^ 

= E Ma-rAr}) ■ [ 3 l {H ?<r- a+r * } ds , (42) 
jei* Jo 

where Q stands for the lifetime of the path H*K Then, (M*(a),r G [0, a]) is a cadlag 
increasing process defined on {Vt,J-, P). The spinal decomposition (140j) implies that for 
any a G (0, oo) and for any bounded measurable F : O([0, o], R) — > R, we have 

iV 7 ^F((m(5(p(i),r))) re[0a] )j = E [F((M r *(a)) re[M )] . 

Since the a-local time measure is the image measure of dL a by the canonical projection 
p, we get 

N, ne(d*)F( (m(5(<7,r))) re[0a] )) = E [F( (M;(a)) re[0 , a] )] . (43) 

This identity is used in the proof of Proposition 11.41 

Let us discuss a similar formula for the a-local time measure: Let t G [0, £] be such 
that H t = a. Namely p(t) G T(a). We fix r G (0, 2a). Then observe that for any s G [0, (} 
such that H s = a, we have d(s, t) < r iff 6(s, t) > a — (r/2). We then get 

*°(B(p(t),r)) =^({p(*)}) + E 1 [-5,-)W)^" r5 (*^') ' ( 44 ) 

where L t 3 (t,j) stands for the local time at level a — r\ of the excursion H* l, K Next, for 
any a > and any r G (0, 2a), we set 

L;(a) = ^l [a _ § , a] (r;)L^a' S , (45) 

jei* 

where, L!» j stands for the local time at level a — r* of the excursion 

Now (!M|) entails that ^ a ({p(t)}) = 0, A^ 7 -a.e. and (jHJ) combined with the spinal 
decomposition f )40|) implies that for any a G (0, oo) and for any bounded measurable 
F : D([0, a], R) R, we have 

iV 7 ^jt{da)F( {t(B(a, r)) ) re[0j2a] )) = E [F( (L;(a)) re[0 , 2a] )] (46) 
This identity is used to prove Theorem 11.11 and Proposition 11.21 



18 



2.3 Estimates. 

Let us fix a > 0. Recall the definition of the a-local time measure i a (whose total mass 
(£ a ) is equal to L") and recall that 

iV 7 (l - e-^) = iV 7 (l - e- XL <) = u(a, A) = (( T -l)a + ^r)"^ • (47) 
Next recall from (135]) the definition of N\ a) . We easily deduce from ([28]) and ( |47|) that 

^ W -A<0)H1-( T ^^)- (48, 

Consequently, 

aT^{t) under iV'"' ( '= } under iV^ . (49) 
Lemma 2.2 For any 7 e (1,2] ; we /lave 

r 7-l 



.7; 1 



( 7 -i) 2 r( 7 ) 

Proof: From (l4"gj) . we get 

iV 7 1) (exp(-A(£ 1 ))) A ' 



(7 - I) 2 



The desired result is then a direct consequence of a Tauberian theorem due to Feller: see 
[19] Chapter XIII § 5 (see also [7j Theorem 1.7.1', p. 38 ). □ 
Recall the notation Af* and the definition of L*(a) from (l4"5j) . For any < r' < r < 2a, 

we set 

M^E 1 ^,^^^ • ( 5 °) 
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Observe that 

V0<r'<r<2a, L* r (a) = A rV (a) + L*,(a). (51) 



Lemma 2.3 Let (r n ,n > 0) be a sequence such that < r n+ i < r n < 2a and lim n r n = 0. 
Then, the random variables (A rn+ljrn (a), n > 0) are independent and 

K (a)=J2 A ^M- (52) 

n>0 
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Proof: First, note that (1521) is a direct consequence of the definitions of A r / ir (a) and of 
L*(a). Let us prove the independence property. Recall that conditionally given U, M* is 
a Poisson point process with intensity dUt <8> N 7 (dH). Elementary properties of Poisson 
point processes and the definition of the A rn+ljr . n (a)s entail that the random variables 
(A rn+1 . rn (a), n > 0) are independent conditionally given U. Moreover, the conditional 
distribution of A rn+i rn (a) given U only involves the increments of U on [r n+ i,r n ], which 
easily implies the desired result since U is a subordinator. □ 

Remark 2.3 The previous lemma and (|51|) imply that for any < r' < r < 2a, one has 

L*(a) > A r / r (a) and that A r ^ r (a) is independent of L*,(a). Observe also that the process 
r i — y L*(a) has independent increments. □ 

Lemma 2.4 For any < r' < r < 2a, we have 



E[exp(-AA r , r (a))] = ( + * ) . (53) 



Consequently, we get 



!_ , / N (law) . . 

r 7-iA r / )r (a) = ^1) . 



Proof: First observe that the second point is an immediate consequence of the first 
one. Recall that conditionally given U, M* is distributed as a Poisson point process with 
intensity dU t <8> A^ 7 . Therefore, 

E [exp ( - AA rV .(a)) | U] = exp ( - I dU t iV 7 (l - e~ XL V) \ 

^ J[a-r/2,a-r'/2) ' 

Recall that u(a — t, A) = iV 7 (1 - e~ AL c ) , where u is given by ([T|) and recall that U is a 
subordinator with Laplace exponent A (-> 7A 7_1 . Thus, 



( f a ~ r>/2 - \ 

E [exp ( - AA r / ir (a))] = exp ( - 7 / u(a - t, A) 7 dt). 

^ A-r/2 ' 



ca-r'/2 
V 

'a-r/2 

which entails the desired result thanks to a simple change of variable. □ 
Taking r' = in the previous lemma entails the following. 

Lemma 2.5 For any a G (0, oo) and for any r G [0, 2a], we have 

E[exp(-AL;(a))] = (l + I^rA^ 1 )"^ . 
Then, r~ 1 ^ 7 ~ 1 ^L*(a) has the same law as L*(l). 
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To simplify notation, we set 

Z 1 :=L\(l) and Z'^ := Ai (1 . (54) 



Proposition 2.6 We have the following estimates. 
• (i) For 7 G (1)2), we /icue 

lim 2r 7_1 P(Z 7 > x) = 2 lim x 7_1 P(Z' > 



x) 



7 



2r(2- 7 )' 



(mJ For any 7 G (1, 2] we ge£ 



2^i 

lim x 1 ¥(Z~ I < x) = ~ 

x^o+ ' ( 7 _i) — r(l + 7 ) 



Proof: First assume that 7 G (1, 2). When A goes to 0, we have 



E [e~ xz ~<] = 1 - JA 7 - 1 + o(A 7 ^) and E 



e- xz '< 



1 - ^-A 7 ' 1 + o(A 7 ^ 1 ) 



A Tauberian theorem due to Bingham and Doney [6] (see also [7J Theorem 8.1.6, p. 333 
) implies {%). Let us prove {%%). We have 7 G (1,2]. When A goes to 00, we get 



lim A 7 E \e- xz ->] 



2~ 



A— >OQ 



(7-1) 



7-1 



Then, (ii) is a consequence of a Tauberian theorem due to Feller ( |19j Chapter XIII, § 5 
; see also [7J Theorem 1.7.1', p. 38). □ Recall the definition of M*(a) from (142 p . For any 

< r' < r < a, we set 



Qr',r(«) = /_. l[a-r.a-r')(r*) / 1 



{H* S J <r-a+r*} ' 



(55) 



Arguing as in Lemma [2.31 we prove the following independence property. 



Lemma 2.7 Let (r n ,n > 0) fre a sequence such that < r n+ i < r n < a and lim n r n = 0. 
Then, the random variables (Qr n+ i,r„( a '),'n > 0) are independent. 
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Remark 2.4 Note that the increments of r G [0, a] h-> M*(a) are not independent. 
However, for any < r' < r < a, we have 



M*(a) - M r *(a) = Q r >, r (a) + ^ l [a _ r / )tl] (r*) / l {rf _ a+r . <fl ;i< r _ a ^. } , 

iez* ^° J J 



which first implies that M*(a) > Q r ' 5r (a). Moreover, we easily see that Q r ',r{< 1 ) is inde- 
pendent of M*> (a). □ 

Recall the definition of K a (A,/i) and recall it satisfies ( 1241) . 
Lemma 2.8 For any a G (0, oo) and for any r G [0, a], we have 

E[exp(-AQ r , r (a))] = 1 - ^zI^Sl . (56 ) 



Then, 



(r _ rr ^TQ rv(a) (1 ^M*(1). 



Proof: Recall that conditionally given U, M* is distributed as a Poisson point process 
with intensity alUt ® N 1 . Thus, 

E [exp ( - \Q r >,r(a)) | U ] = exp ( - / d[7* K. r _ a+4 (A, 0) J . 

»/ [a— r,a— r' ) 

Since [/ is a subordinator with Laplace exponent A i— >■ 7A 7 ~ 1 , we get 



E 



[ e ^,r(a)] =exp(- 1 J K r „ a+t (\,0y- l dt) =exp(- 7 y k,(A, O)^ 1 ^) . 



Set y = k s (A,0). Then, ([24]) entails 

7 K s (X,oy- 1 ds= ±0— dy = bgA-log(A-« r _ rf (A,or), 

Jo 7o ^ — y 

which entails the first point of the lemma. Now observe that the scaling property f|T9|) 
combined with fl26l) entails that for any a, A > 0, and any c > 0, one has 

«o(A,0) = c^- 1 K ca (c t-iA,0), 

which easily implies the second point of the lemma. □ Take r' = in the previous 

lemma to get the following lemma. 
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Lemma 2.9 For any a G (0, oo) and for any r G [0, a], we have 

E[exp(-AM r *(a))] = 1 - ^Sl . 

A 

Then, r-i/^-v M*(a) has the same law as M*(l). 
To simplify notation, let us set Y 1 := M^(l). 

Proposition 2.10 For any 7 G (1,2), we have 

1 



lim a; 7_1 P(y 7 > x) 



r(2- T ) 



Proof: Recall ([26]), recall that J C l { # s < a} (2s = J a L\db and recall that iV(L£) = 1, for 
any b G (0, 00) (see (|2Tj)). Thus, 

lim = tf( jf l {J r.<a}<fc) = ^ iV(Lj) d& = a . (57) 

Take a = 1 in ( ]57l) and use Lemma 12.91 to get 

E [e- XY ~<] = 1 - A 7 " 1 + o(A 7 - x ) 

when A goes to 0. Since 0<7 — 1 < 1, a Tauberian theorem due to Bingham and Doney 
[6 J entails the desired result (see also [7] Theorem 8.1.6, p. 333). □ 

3 Proofs of the main results. 
3.1 Proof of Theorem [EH 

Let us fix a G (0, 00) and let g : (0, 1) — > (0, 00) be such that linio+ r- 1 /^- 1 ) g(r) = 0. To 
simplify notation we set h(r) = r^ 1 /^ 1 ) g(r). Lemma [2.51 and Proposition 12.61 (ii) imply 
that for all sufficiently large n, 

P(Lt- n (a) < g(2- n )) = P(Z, < h(2~ n )) K,h(2~ n f , (58) 

where K n is the limit on the right member of Proposition [22] (ii). We first prove Theorem 
11.11 (i). So we assume 

h{2- n y< < 00 . (59) 



n>l 
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Borel-Cantelli and ( )58|) imply P(liminf n _ ) , 00 L^_ n (a)/g(2~ n ) > 1) = 1. This easily entails 
P(liminf n _ +00 L*_„(a)/(?(2~ n ) = oo) = 1, since (159|) is also satisfied by K.h for arbitrarily 
large K. Then, (1461) implies 



^7 ^y^ a (^ cr )l{liminf„^(B( CT ,2-™))/ !7 (2-")<oo} J — , 

which entails (Q in Theorem ll.il (2). 

Lemma 3.1 We assume that g is a regular gauge function that satisfies (59}) and we set 
E= {a e T(a) : liminf i a {B(a,r))/g{r) < 1} . 

r-»0 

TTaen, N^-a.e.V g (E) < (£ a ). 

Proof: Let us fix b G (0, a). Recall that (<?), d)), j G T b stand for the connected compo- 
nents of the open set {t > : H t > b} and recall that H b ^ is the corresponding excursion 
of H above b corresponding to (g],d)). We set 77 = p([g b ,d b j}) and a) = p{g)) = p{d)). 
As already mentioned (77, d, a)) is isometric to the tree coded by H b ' J . The total height 
of 77 is then r(77) = sup s > Hi' 3 . For any 77 > 0, we set 

v b>v = {T"; iei b : r(7?) > v} ■ 



Note that T> brj is a finite set. Observe that £ a (7~ b ) = L\ — L a b is the local time at level 

3 3 3 

a — b of H h j , or equivalently the total mass of the local time measure at level a — 5 of 77- 
Then, the branching property entails for any x > 0, 

N\ b) ( 1 W)<*} j Gb) =L b ( N 1 ( Ll~ b <x;supH>a-b) . 

Recall that Ly" = (£ a ~ b ). Then, ([28]) and the scaling property (ggj) imply 

N^L^" < x; suptf > a -6) = ((-f-l)(a-b))~^ {i 1 } < (a-b)'^x). 
Recall that iV 7 -a.e. L\ = (£ b ) = 0, on {sup H < b}. Thus, (ETJ) and $ZED entail 

iV 7 ( ^1 { ^(T)<, } ) = ({>y-l){a-b))-&N?>( (I 1 ) < (a-by^x). (60) 
For any nGN such that 2~ n < a, we next set 

Vn = ^ 5 , (2.2 _n )l{^a( T )< 9 ( 2 2 -n)} . 

-^'G'E' _2— n 2— » 
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We apply (160]) with b = a — 2 n and 77 = 2 n , and we use Lemma [2.21 to get 

N(V n ) = (-f-iy^2^g(2.2- n )N\ 1 \(£ 1 ) < 2~^/i(2.2- n )) < K' 1 h{2.2- n )\ 
where K'^ is a positive constant that only depends on 7. Therefore, (159]) entails 

iV 7 - a.e. lim V V p = . (61) 

p>n 

Let e G (0, a/2). We assume that T(a) 7^ 0. Let (B(a m ,r m ) ; m > 1) be any ^-closed 
packing of E. Namely, the closed balls B(a m ,r m ) are pairwise disjoints, a m G E C T(a) 
and r m < e, for any m > 1. Let us fix m > 1. There exists n (that depends on m) 
such that 2~ n < r m < 2.2~ n . Now observe that T(a) is the union of the sets T PI T(a) 
where T ranges in T) a _ 2 

— n — 1 2 — n— 1 • 

Consequently, there exists T* G T> a _ 2 

— n— 1 2 — 71 — 1 such 

that <r m G T* D T(a). Denote by cr*, the lowest point in T*. Namely cr* is the point of 
T* that is the closest to root and a* G T(a — 2~ n_1 ). It is easy to prove that for any 
a G T* H T(a), we have 

d(a, o- m ) < d((T, tr*) + d{a, a*) = 2.2~ n - 1 = 2~ n < r m . 

ThusT*nT(a) C T(a) nB{a m , r m ). Thus, £ a (T*) < £ a {B{a m ,r m )). Since this holds true 
for any m > 1, we get 

^5 , (^m)l{^(B(a m ,r m ))< 9 (r,„)} < V n+l- (62) 

m>l n:2-™<£ 

Now observe that 

J2g(r m )l {e «( B (a m ,r m ))>g(r m )} < ^r(5(a m ,r m )) < (l a ). 

m > 1 m > 1 

This inequality combined with (162]) implies 

5>(r w )<<f>+ ^ 

m>l n:2-"<e 

Since, this holds true for any e-closed packing (B(a m ,r m ) ; m > 1) of E, (16T]) entails 
'Pg(E) — (^ a )j iV 7 -a.e. where "P* stands for the g-packing pre- measure, which completes 
the proof of the lemma since V g (E) < V*(E), by definition ofV g . □ Lemma [2. II 

(ii) implies that V g (T(a)\E) < (£ a ). This inequality combined with Lemma [3.11 entails 
iV 7 -a.e. V g (T(a)) = V g {E) +V g (T(a)\E) < 2(£ a ). This proves that for any regular gauge 
function g that satisfies ([59]) . we iV 7 -a.e. have V g (T(a)) < 2(£ a ). Thus, for any constant 
K > 0, we have V Kg {T{a)) < 2(£ a ). Now observe that V Kg {T{a)) = KV g {T{a)), which 
easily implies V g (T(a)) = 0, iV 7 -a.e. This completes the proof of Theorem 11.11 (i). 
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Let us prove Theorem ll.il (ii). We now assume 

h(2~ n y = oo . (63) 



For any n > 1, set S n = £i + . . • + £ n; where e n = ( a ) <s(2-«)}- Estimates (158]) implies 

that 

n 

E[S n ] ^ 00 K, / Y,h{2- l Y . (64) 
i=i 

Next observe that 

E[sg =E[5„]+2^ E[e fc e { ] . 

KkKn 



Fix 1 < < I < n. As noted in Remark 12.31 A 2 -i j2 -k(a) — L*_ k (a). Thus, 

{L* 2 . k (a) < g(2- k )} n {2^_,(o) < ^(2^)} 

c{V Ii2 -,(a)< 9 (2i}n{^(a) < (,(2-')}. 

Remark 12.31 also asserts that L*_ ; (a) is independent of A 2 -; j2 -fc(a). Thus, 

E[^] < P(A 2 - ;i2 -,(a)< ( 7 (2- fe ))E[e i ] 

< P (2^A 2 - ij2 - fc (a) < /i(2- fe ) ) E [^] . (65) 

We give an upper bound of the last probability thanks to the Laplace transform of 



2~A 2 -i 2 -fc(a) that is explicitly given in (153]) in Lemma [2.41 



k 

E[exp(-A2~A 2 -i i2 - fe (a))] 



1 _ 2-('- fc ) 



2 -A^ 1 + 1 



< 2^(2-^) + ( l - 2 ^ k) )^\ 
V ^ V^iA^- 1 + 1/ /' 

by an elementary convex inequality. Set C\ = 2 1 /<t- 1 > (2/(7 — l)) - ?/^- 1 ). The previous 
inequality easily entails the following 

E[exp(-A2^A 2 - ;i2 - fe (a))] < d (V^T (/ ~ fc) + A" 7 ) . 

We now use Markov inequality to get 

P (2^A 2 - i>2 - fc (a) < h(2- k ) ) < eE exp (-2^A 2 - !i2 - fc (a)//i(2" fc )) 
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< eC 1 (2-^ {l - k) + h(2^ k y) . (66) 

Now, f l58|) implies that there exists C2 £ (0, 00) that only depends on 7 and h such that 
h(2~ k y < C 2 E[e fc ], for any k > 1. Thus, (JE5J) and (jBSJ imply there exists C 3 G (0, 00) 
(that only depends on h and 7) such that 



E [e^] < C 3 (2-^T('- fe )E[^] + E[ £fe ]E[ £ , 
which easily implies 

E [S 2 n ] <(l + E [S n ] + C s . (E [5 n ]) 

V 1 — 2 t- 1 / 



lim sup — 2 < C 3 



By ([M]) and (j55j> .we get 

E[g] 

(E[s n ]r 

and Kochen-Stone's Lemma implies P(^ n >i e n = 00) > I/C3 > 0. As observed in 
Remark 12.31 r — > L*(a) has independent increments. Thus, Kolmogorov's 0-1 law applies 
and we get P(X]n>i = 00) = 1. This entails P(liminf n L*_ n (a)/#(2 _ri ) < 1) = 1. 
Observe that (163|) is also satisfied by c.h for arbitrarily small c > 0. This easily implies 
P(liminf n L;_ n (a)/#(2- n ) = 0) = 1 and (115]) entails 



iV 7 I /^ a (rfcr)l{ii m i n f n ^( B ( (Ji 2-«))/3(2-«)>0} ) = 0. 



T 



This proves (TlO|) in Theorem 11.11 (n). Furthermore, if (7 is a regular gauge function, 
then, (fTUj) and Lemma [2.11 (z) entail that iV 7 -a.e. V g (T(a) ) = 00, on {T(a) 7^ 0}, which 
completes the proof of Theorem 11.11 □ 



3.2 Proof of Proposition 11.21 

Fix a > and let g be as in Proposition 11.21 Namely g : (0, 1) — > (0, 00) is such that 
limo+ r- 1 /(T- 1 >(7(r) = 00. To simplify notation we set h(r) = r-^^-^gir). Although 
Proposition II .21 (i) is already proved in [13J we provide a brief proof of it: We assume that 

J2h(2~ n y h ~ 1} < 00 . (67) 

n>l 

The scaling property stated in Lemma 12.51 and Proposition 12.61 (z) imply that for all 
sufficiently large n, 

P(L*_„(a) > g{2- n )) = P(Z, > h{2~ n )) —2—- h{ 2-)-^) . 
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Borel-Cantelli entails P (lira sup^^ L^_ n (a) / g(2^ n ) < 1). Since (167|) is satisfied by K.h 
for arbitrarily large K, we easily get P(limsup ri _ s>00 L*_ n (a)/g(2 _ ") = 0) = 1 and (146|) 
entails 



^ 7 ( v y^ a ^ <T ''"'"^ imsup ' i£a (' B ( <T ' 2 ~ n) ^ 9(2 ~") >o ^ j = ^ ■ 

This proves ( TT~3T) in Proposition 11.21 (i). Furthermore, if g is a regular gauge function, 
then, ( TT3]) and Lemma 12. II (m) entail that N 1 -a..e.'H g (T(a) ) = oo, on {T(a) 7^ 0}, which 
completes the proof of Proposition 11.21 (i). 

Let us prove (j!4p in Proposition 11.21 (22). We now assume 

^/i(2- n )-^-^ = 00 . (68) 

n>l 

For any n > 1, set e ra = l{A 2 _ n _ a 2 _ n ( a ) >g(2-™)}- The scaling property in Lemma [2.41 and 
Proposition 12.61 (i) imply 

Therefore ^ n > 1 E[e„] = 00. The independence property stated in Lemma 12.31 shows 
that the £ n S £1X6 independent. The converse of Borel-Cantelli implies P(y^ n >i e n = 
00) = 1. As noticed in Remark 12. 3[ we have e n < l{L*„, l (a)>g(2-")}- Consequently, 
P(limsup n ^ 00 L^ n (a)/g(2~ n ) > 1) = 1. Since (168)) is satisfies by c.h for arbitrarily small 
c > 0, we easily get P(limsup n _ >00 L^ n (a)/g(2~ n ) = 00) = 1 and (|4~6"]) entails 



^7 ( J £ a (dcr)l{\imsup n e a (B(cr,2- n ))/g(2- n )<oo} 

which proves (ll~4"l) in Proposition 11.21 (ii). □ 



3.3 Proof of Proposition 11.41 

Let g be as in Proposition 11.41 Namely limo+ r-T/tT- 1 ) g(r) = 00. To simplify notation we 
set h(r) = r-^/fT- 1 ) g[r). Although Proposition II .41 (i) is already proved in [13] we provide 
a brief proof of it. We assume that 

^h{2- n )-^<- 1) < 00 . (69) 

n>l 

Let us fix a > 0. The scaling property stated in Lemma 12.91 and Proposition 12.101 (i) 
imply that 

P(M*_„(a) > g(2- n )) = P(F 7 > h{2~ n )) ^ >_ - . 
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Borel-Cantelli implies P(limsup n M*_ n (a) / g{2~ n ) < 1) = 1. Since (169|) is satisfied by K.h 
for arbitrarily large K, we easily get P (lim sup n ^ oc M*_ n (a)/g(2~ n ) = 0) = 1. By (|4~3]) . 
for any a > 0, we get 



iV 7 I U a (da)l{i imsuPnm ( B (a,2- n ))/g(2-™)>0} ) = 0. 



r 



Since m = J °°^ a , this entails (TL6]) in Proposition 11.41 Furthermore, if g is a regular 
gauge function, then, ( !T6l) and Lemma [2.11 (m) imply that H g (T) = oo, iV 7 -a.e. , which 
completes the proof of Proposition 11.41 (i). 

Let us prove (117j) in Proposition 11.41 (ii). We assume 

J2H2~ n y h ~ 1] = oo . (70) 

n>l 

For any n > 1, we set e n — 1{q _ n l n ( ffl ) > 9 (2- n )}- The scaling property stated in Lemma 
12.81 and Proposition 12.101 (z) entail 

E[e„] = P(F 7 > 2-/1(2-")) j 

Thus, ^„>i E[e n ] = oo. The independence property of Lemma 12.71 (i) implies that 
the E^s are independent. Thus, P(J^„>i e n = oo) = 1, by the converse of Borel- 
Cantelli. Then, Remark 12.41 entails e n < 1{m*_ (a)>g(2-»)}) f° r an y n > 1. Thus, 
P(limsup n _ >00 M^_ n {a) / g{2^ n ) > 1) = 1. Since (I70p is satisfied by c.h for arbitrarily 
small c > 0, we easily get P(limsup n _ )>00 M*_ n (a) / g{2~ n ) = oo) = 1. By (14"5|) . for any 
a > 0, we get 



^"7 ^y^ a (^0")l{limsup n m(B(a,2-"))/(,(2-™)<oo} ) = 0. 

Since m = J °°£ a , this entails (fT7|) in Proposition 11.41 



3.4 Proof of Theorem 11.31 and of Theorem 11.51 

We fix 7 G (1,2) and we consider the 7-stable tree (T, d, p) coded by the height process 
(H t ,t > 0) under its excursion measure iV 7 . Recall that p stands for the canonical 
projection from [0,Q onto T = [0, £]/ ~. Recall that p = p(0) stands for the root of 
T . We extend p on [0, 00) by setting p(t) = p, for any t > (. Let < s < t and set 
T s ,t — p{[ s it\)i equipped with the distance d on T . We set p st = p(r ) where r € [s,t] is 
such that H To = inf rg [ Sjt ] H r . Observe that (7s,t, d, p s ,t) is a compact rooted real tree that 
is isometric to the compact real tree coded by the process H s,t := (H( s+r ) M ,r > 0). 

Let g : (0, 1) — > (0, 00) be regular gauge function. We denote by % g the g-Hausdorff 
measure on (T, d). Recall that T is compact and note that any subset of T is contained 
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in a closed ball with the same diameter. In the definition of Hg (7^,t), we m ay restrict 
our attention to finite coverings with closed balls with center of the form p(r), with 
r G Qn [s, t] and with rational radius. This entails that % 5 (7s,t) is a measurable function 
of H s,t . Similarly, for any a > 0, T-i g {T{a) D T s ,t) is a measurable function of H 8 '*. 

Let us fix a > 0. Recall the definition of H a that is the height process below a and 
recall that Q a is the sigma-field generated by H a augmented with the iV 7 -negligible sets. 
We denote by Q a _ the sigma-field generated by |J 6 <a Qb- It is easy to observe that iV 7 - 
a.e. H a is the limit in D([0, oo), R) of H b when b goes to a. Then, Q a _ = Q a . Next observe 
that the rooted real tree coded by H a is isometric to B(p,a) = {a G T : d(p,a) < a}. 
Thus, l-L g (B(p, a) ) and % g (T(a) ) are ^-measurable [0, oo]-valued random variables. 

Proof of Theorem 11.31 Let g(r) = r q s(r) where q is nonnegative and where s is 
slowly varying at 0. Recall that we furthermore assume that g is a regular gauge function. 
Recall that iV 7 -a.e. on {T{a) 7^ 0}, the Hausdorff dimension of T{a) is 1/(7 — 1). Thus, 
if q > 1/(7 - 1), then H g {T{a) ) = 0, JV 7 -a.e. and if q < 1/(7 - 1), then H g {T{a) ) = 00, 
iV 7 -a.e. on {T(a) 7^ 0}. We then restrict our attention to the case q = 1/(7 — 1). 

The general idea of the proof of Theorem \1.3\ is the following: if for a certain a G (0, 00), 
we have iV 7 (0 < % g {T(a)) < 00) > 0, then we first prove that < 1-L g {T(a)) < 00, N 7 - 
a.e. on {T(a) 7^ 0}. We next observe that T-L g (- H {T(a) 7^ 0}) behaves like £ a with 
respect to the scaling property and the branching property and we prove it entails that 
TL g (- PI {T(a) 7^ 0}) = Co^ a , where Cq G (0, 00). Finally, we get a contradiction thanks to 
the test stated in Proposition II. 21 

The proof is in several steps. We first discuss how a h-> l-L g (T{a)) G [0, 00] behaves 
with respect to the branching property. We agree on the convention exp(— 00) = 0. Then, 
for any a, A G (0, 00), it makes sense to set 

M(a,A)=iV 7 (l-e- A ^ r ( a ))) , 

Recall from ( |28|) the definition of v(a) and observe that u(a, A) < v(a) < 00. Let us fix 
b G (0,a). Recall that (g^d 1 ^), i 6 I5 stands for the connected components of the open 
set {t > : H t > b} and recall that for any j G T^, we denote by the corresponding 
excursion of H above b. We also set 7~ b = p{\g), d*}) and o) = p{g b j). Then, the subtree 
(77, d, a)) is isometric to the rooted compact real tree coded by the excursion H h ^ . For any 
n > 1, we set L n = J2^ x b nAH g (l~ b (a—b) ), where T?(a—b) := {a G 77 : d(a b , a) = a—b}. 
Note that 77 (a — b) is the (a — 6)-level set of 77 '• Since 7-L g {J~ b {a — b) ) is a measurable 
function of i7 6 J , the branching property (1361) applies and for any A G (0, 00), we N^ b) - 
a.s. get 

where w n (a — b, A) = iV 7 (i — exp(— A77 A T-L g (T{a — b) )) ). By monotone convergence, we 
get lim n ?i n (a — b, A) = u(a — b, A). Then, observe that lim n f L„ = H g (T(a) ). Thus, 
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the conditional dominated convergence theorem implies that for any A G (0, oo), we 
a.s. have 

N W ( e -A« 9 (T(a)) | g b j = e -X»«(a-6,A) ? (71) 

Since L\ = 0, iV 7 -a.e. on {sup if < b}, this entails 

u(a, A) = iV 7 (l - e - L c fi(a - b ' A) ) = u(b, u(a - b, A) ) . (72) 
Note that Theorem 11.31 is implied by the two following claims. 

(Claim 1) If there exists a® G (0, oo) such that N 1 (l-L g (J~{aa) ) = oo) > 0, then for any 
a G (0, oo), JV 7 -a.e. U g {T{a)) = oo, on {T(a) ^ 0}. 

(Claim 2) For any a G (0, oo), iV 7 (0 < U g {T{a)) < oo) = 0. 

We first prove (Claim 1). To that end, observe that u(b, 0+) = lim^o u(b, A) = Ny(7i(T(b)) = 
oo) for any b G (0, oo). Then, ([72"]) entails 

u(a, 0+) = u(a - b, u(b, 0+) ) , a>b>0. (73) 

Let us now recall the scaling property of T: Let c G (0, oo). The "law" of (T, ccf, p) under 
iV 7 is the "law" of (T,d,p) under cV^-^Nj. We next denote by T-L g ,cd the g-Hausdorff 
measure on (T,cd,p) and we set g c {r) = g(cr), for any r G (0, 1). Then, for any b > 0, 
we easily get 

n g , cd ({a ET :cd(p,a) = b}) = n gc ({a E T : d(p, a) = b/c}) 

= c^U g (T{b/c)), 

since g is regularly varying at with exponent 1/(7 — 1). The scaling property for T 
implies that the law of c 1 /( 7 - 1 ''H 9 (T(6/c)) under iV 7 is the same as the law of H g (l~(b)) 
under cVC-r-i) iV 7 . Thus u(b, 0+) = 6- 1 /(t- 1 )-u(1, 0+), for any b > 0. If there exists ao > 
such that A^ 7 ('H 9 (T(ao)) = 00) > 0, then tt(l,0+) > 0, lim^ u(b, 0+) = 00. Recall that 

v(a) = iV 7 (sup# > a) = iV 7 (L? > 0) = iV 7 (T(a) 7^ 0) = lim w(a,/i) , 

where u is given by ([TJ . Then, (1731) and the previous arguments easily imply that for any 
a G (0,oo), tt(a, 0+) = lim fe ^o u ( a — b, u(b, 0+) ) = t>(a). Namely, N^iT-LiT^a)) = 00) = 
N 1 {T{a) ^ 0). Since {H(T(a)) = 00} C {T(a) ^ 0}, it implies that N r &.e.H g {T{a) ) = 
00, on {T(a) 7^ 0}, which proves the first claim. 

To prove (Claim 2), we argue by contradiction and we suppose that there exists ao G 
(0, 00) such that 

iV 7 (0 < n g (T(a ) ) < 00) > . (74) 
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The previous arguments show that u(b, 0+) = N^(7i(T(b) ) = oo) = 0, for any b G (0, oo). 
The scaling property discussed above entails 

u(b, A) = c~^u(b/c, c5=i A) , b, A,c>0. (75) 

We first claim that for any a G (0, oo), 

iV 7 (H(T(a) ) > 0) = iV 7 (sup H > a) = v(a). (76) 

Indeed, observe that v(b) := liniA^oo \ u(b, A) = N^(7i(T(b)) > 0). Then, (|75|) implies 
v(b) = 6-V(7-i)'t;(l). Assumption (|74p entails that < £t(a , A) < i>(ao)- Thus, we get 
v(l) > 0, which implies lim^o v(b) = oo. Thanks to (|72|) . we get i>(a) = tt(a — b,v(b) ) 
and v(a) = lim^o u(a — b,v(b) ) = v(a), which is (175]) . 

Recall that for any fixed A G (0, oo), 6 h-> u(b, A) is decreasing. Then, ( 172]) implies 
that w(a, A) < u(b,X), for any a > 6 > 0, and for any A > 0. Thus, it makes sense 
to set 0(A) = liniHo u(b,X) G (0,oo]. Then (172"]) entails tt(a, A) = u(a, 0(A)), for 
any a, A > 0, with the convention: w(a, oo) = -u(a). Since A ? 7 ('H 9 (T(a)) = oo) = 0, 
(176]) and the definition of u imply u(a, A) < t>(a). Consequently, 0(A) G (0,oo), for 
any A > 0. Next, observe that u satisfies the same scaling property (175]) as u. Therefore, 
c i/(7-D0(A) = 0(c 1 /(7-i)A), for any c, A > 0. Namely, 0(A) = c A, where c := 0(1) G (0, oo) 
and we have proved that 

u(b, A) = u(b, coA) , A,6>0. (77) 
We next prove that for any a > b > 0, and for any A > 0, 

iV 7 a) -a.s. N\ a \e- XHa{ - T{a)) \ Q h ) = N\ a) ( e - Xc ° L < \ Q b ) . (78) 

Proof of W- b y the branching property, we easily get N\ b) (e~ Ac ° L ? | Q b ) = e ~ Lb ( u ( a - b ^ x \ 
Therefore 

N W ( e -XH g (T(a) )\g b )= #W ( e -Ac„L ? | 

Then, we get (l { * fl (T(«))=o}|&) = 5 (l {L °=o}|&) = e ~ L H a - b \ by letting A go to oo. 
Thus, N\ b) -&.s. 

(l { n g (na))>o } e- xn ^ | Q h ) = {l^e^ \ Q b ). 

By dH} and ([76]), we have l {L ->o} = l{H g (T(a) )>o} = l{ sup if>a}, iV 7 -a.e. Thus, N^-a.s. we 
get 

^1 (J-{supH>a}e | yb) — JV 7 {i-{su P H>a}e c I Vb) ■ 

Recall that N\ b) = iV 7 (- D {sup H > b})/v(b) and note that {sup if > a} C {sup if > b}. 
Thus, for any positive (^-measurable random variable Y, we get 

N,{l {supH>a} e~ xn ^ T ^Y) =N,(l {supH>a} e~ XcoL <Y) , 
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which easily entails ([75]) . □ 

Recall that L\ and Hg(T(a) ) are ^-measurable and recall that Q a _ = Q a . By letting b 
go to a in (1781) . we get H g (T(a) ) = CqL%, iV 7 a) -a.s. which easily entails H g (T(a) ) = CqL%, 
iV 7 -a.e. Recall that £ a (T(a) ) = L\. Thus, we have proved: 

Va G (0, oo) , iV 7 -a.e. H g (T(a) ) = c r(T(a) ) . (79) 

We now prove the following. 

iV 7 - a.e. H g ( ■ n T(a) ) = c r . (80) 

Proof of [8U\) : let a > 6 > 0. The branching property and ( 1791 easily imply that iV 7 - 
a.e. for any j G lb, we have r H g (J~ b (a — b) ) = Co£ a (J~ b (a — b)). For any a G T(a) and any 
r > 0, we set B a (a,r) = {a' G T(a) : d(o~, a') < r}. Note that B a (a,r) is the closed ball 
in (T(a),d) with radius r and center o". 

Let us fix a G T(a) and let us denote by a the unique point in [p, a} such that 
d(a, a) = a — b. Observe that B a (a, 2(a — b)) is the union of the T^ia — b) such that 
o) = a. Since the 7~ b (a — b)s are pairwise disjoints, we get 

Va>6>0, iV 7 -a.e. Va G T(a), H{B a (a, 2{a-b)) ) = cto^°(S«(«7, 2(a-6)) ). 

Consequently, there exists a Borel subset A C D([0, oo),R) whose complementary set is 
iV 7 -negligible and such that on A, one has % g (B a (a,r)) = c £ a (B a (o-,r)) < oo, for any 
o G T(a) and any r G Q + , which easily entails (IHUj) . □ 

We have proved that (1741) implies that there exists Co G (0, oo) such that f lHUl) holds 
true. Let us furthermore assume that 

L - — <o °- 



^ ^(2-»: 



7-1 



Then, Proposition 11.21 (z) implies that 'H g (T(a)) = oo, iV 7 -a.e. on {T(a) 7^ 0}, which 
contradict flHUj) since N^(£ a (T(a)) = 00) = 0. Consequently (18T|) fails and Proposition 
11.21 (ii) entails that £ a (E) = £ a (T(a)), where E is a Borel subset of T(a) such that 
limsup n £ a (B(a, 2~ n )) / g(2~ n ) = 00 for any a G E. By the comparison lemma for Hausdorf 
measures (Lemma 12. II (iv)), we get H g (E) = 0, which contradicts (IHUj) . This implies that 
( !71| is false, which proves (Claim 2). This completes the proof of Theorem 11.31 □ 



Proof of Theorem 11.51 Let g(r) = r q s(r) where q is nonnegative and s is slowly 
varying at 0. Recall that we furthermore assume that g is a regular gauge function. Recall 
that iV 7 -a.e. the Hausdorff dimension of T is 7/(7 — 1). Thus, if q > 7/(7 — 1), then 
H g (T) = 0, iV 7 -a.e. and if q < 7/(7 — 1), then H g (T) = 00, iV 7 -a.e. We next restrict our 
attention to the case q = 7/(7 — 1). 



33 



The general idea of the proof of Theorem 1 1. 51 is the following: if iV 7 (0 < "H g (T) < 
oo) > 0, then we first prove that < H g (T) < oo, iV 7 -a.e. We next observe that ~H. g 
behaves like m with respect to the scaling property and the branching property and we 
prove it entails that T-L g = Com, where Co G (0, oo). Finally, we get a contradiction thanks 
to the test stated in Proposition 11.41 

We first need to state two preliminary results. We agree on the convention exp(— oo) = 
and for any a, A > and any \x > 0, we set 

K (A, n) = JV 7 (1 - e - XH ^ M } ^ L ? ) G [0, oo] . 

Let us fix b G (0, a). Recall that (g b ,d b ), i 6 I), stands for the connected components 
of the open set {t > : H t > b} and recall that for any j G T^, we denote by H b ' i the 
corresponding excursion of H above b. We also set T b = p{[g b , d*]) and a) = p(g b ). Then, 
the subtree (77 j d, af) is isometric to the rooted compact real tree coded by the excursion 
H b 'i. We set 7~ b (- < a — b) = {a e l~ b : d(a b ,a) < a - b} that is the closed ball of 
(7~j b , d, a b ) with center a) and radius a — b. For any integer n > 1, for any A G (0, oo) and 
for any p G [0, oo), we then set 

K n = nAH g (B(p,b)) + A^l {sup ^ >1/n} wA^(^(-<a-t)) 

Here L1~ b (j) stands for the local time of iP> at level a — b. Since H is continuous, the sum 
only contains a finite number of non-zero terms. Recall that since 7i g (7^{' < a — b)) is a 
measurable function of H b <i , the branching property (1361) implies that for any A G (0, oo), 

N\ b) -a.e. (e~ K " \ Q b ) = e ^^(5W))-i^M , 

where 

~^\(\ 0) = AT, [l {supif>1/n} (l - e -^U 3 (B( P ,a- b)) -»L r >> j] 

Monotone convergence implies lim n "| /c£_b(A, 0) = Ra,-b(X,0). Then note that iV 7 -a.e. 

lim f K n = XH g (B(p, a) ) + pL a c . 

The conditional dominated convergence theorem implies that for any A G (0, oo), any 
\i G [0, oo) and any a > b > 0, we iV 7 -a.s. have 

7V 7 ( v 1 {W 9 ( J B(p,a))<oo}e C \yb) - 

1 ,_, XN „-\H g (B{p,b))-L b .K a _ b (\, fJ ,) foo\ 
1 {'H g (B( P ,b))<oo} e ; • \° z ) 
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Arguing as in the proof of ( |75|) . the scaling property of T and the fact that g is regularly 
varying at with exponent 7/(7 — 1) imply that for any c G (0,oo), the joint law of 
cT/(T- 1 )'H g (-B(p, 6/c)) and c 1 /^- 1 ' Launder iV 7 is the same as the joint law of H g (B(p,b)) 
and L\ under c 1 /^- 1 ) jV 7 . This easily entails 

1 7 1 

Kb (A, p) = c~~kh/c{c~ \, c^/i) , 6, A,c, /i > . (83) 

Now observe that Theorem 11.51 is implied by the two following claims. 
(Claim 1) If N 1 {H g {T) < 00) > 0, then N^UgiT) = 00) = 0. 

(Claim 2)iV 7 (0 < ft s (T) < 00) = 0. 

We first prove (Claim 1). Let us suppose that N 1 (Ji g {'T) < 00) > 0. Then, there exists 
a > b > such that N 1 (T-L g {B{p,ao) < 00; supi/ > bo ) > 0. Next, observe that 
the left member in (1821) with a = ao and 6 = 60 is strictly positive, which entails that 
K ao _b (A, 0) < 00, for any A G (0, 00), since we -/V 7 -a.s. have > 0. Therefore, we have 

N 1 (H g (B(p, a — b )) = 00) < R,a Q -b (A, 0) < 00 , AG (0, 00) . 

The scaling property easily entails that 

N,(U 9 (B(p,b)) = 00) = brW*>-vN^n g (B(p,l)) = 00) . 

Since b 1— > N 1 {'Hg{B{p, b)) = 00) is obviously non-decreasing and finite at b = ao — bo, we 
get N^iT-Lg^B^p^b)) = 00) = for any b > 0. Consequently, N y ('Hg(T) = 00) = 0, since 
T is bounded. This completes the proof of the first claim. 

We now prove (Claim 2). We argue by contradiction, so we suppose that 

iV 7 (0 < U g {T ) < 00) > . (84) 

First, observe that (Claim 1) entails that N 1 {'Hg{B{p,a)) = 00) = for any a > 0. Since 
T is bounded, we get 

iV 7 -a.e. U g (T) < 00. (85) 

Then observe that for any b G (0, 00) the left member in (1821) is strictly positive for any 
A > 0. This entails k a -b(\,0) < 00 for any a > b > 0, A > 0, since we iV^'-a.s. have 
L\ > 0, as already mentionned. More simply, we have proved 

£ a (A, 0) < 00 , a, A G (0, 00) . 

Let w > 0. Observe that 

< K a (X, p) - k (A, 0) < pN^Ll) = p . (86) 
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This implies that £ (A, /i) < oo. Moreover implies that k a (X, fi) > 0. Thus, we have 
proved that 

K a (A, /i) G (0, oo) , a, A > , /i > . 
Since iV 7 (L' 7^ 0) = iV 7 (sup# > b), ([82]) easily entails 

K a (\,») = N 7 (l - e-X".PW>))-4*^M) = K b (\,Ka- b (\»))- (87) 

We next prove that for any A G (0, 00), there exists 0(A) G (0, 00), such that for any 
a > 0, we have 

^ a (A,0) = iV 7 (l-e- A ^^ a ))) =0(A) [ a N,(e- xn ^ b »L b ( )db. (88) 



Proof of (Eg): we first set U(\, a) = N^{e~ m ^ p ' a ^Lf), for any a, A G (0, 00). Observe 
that (E2I) , fS]) and flEE]) imply for any a > b > 0, and any /j, G (0, 00) 

e -XH g (B(p,b))-L b c K a - b (X,0)l A _ e -i6(« o _ () (A, /1 )-g o _ i ,(A,0))\ 

< e" A ^^^^ i(^- b (A,/i) - « a - 6 (A,0) ) 

< e -XH 9 (B(p,b)) L b _ 

Observe that the following limit is non-decreasing: lim^o t ~(l — e~ ML ?) = L". Condi- 
tional monotone convergence entails 

N M ( e -XH g (B M ) < e -A« s (B(p,6)) L 6_ 

We integrate this inequality with respect to iV 7 . Since {L" > 0} C {L^ > 0}, we easily 
get for any a > b > 0, and any A G (0, 00), 

U(X,a) = N^e-^W^Ll) < N^e-^ 6 ^ L\) = U(X,b), (89) 

Next, let b,h G (0, 00) and note that H g (B(p, b + h)) — T-L g (B(p, b) ) = 0, on the event 
{Tip) = 0}. Since iV 7 (T(6) 7^ 0) = iV 7 (supif > 6), (JH2D and an elementary inequality 
entails 

N ( e -XH B {B{p,b))_ e -AW 9 (S(p,6+h))^ _ A ^^ e -A« g (B( ft 6))^ 1 _ e -^« A (A,0)\ j 

< K h (A,0) 

(here we use the fact N 7 (L b ( ) = 1 in the last inequality). This implies 

|_raaj — 1 

£ a (A,0) = ki(A,0) +n«i(A,0) / " G n (6, A)dfo + -R„(a, A) , (90) 

io 
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where we have set 

G n (b, A) = («i /n (A,0) )- 1 iV 7 (e- A ^(^^l/«))(i_e- L c nf,1/,I ^ (A ' 0) ) ), 
Rn(a, A) = iV 7 (e- A ^^^L-J/n))(i_e- L c naJ/n ^>/" {A ' 0) ) ), 

where |_"J stands for the integer-part function, where [•] = |_"J + 1 and where {an} = 
na — \ na\ stands for the fractional part of na. 

Observe that iV 7 -a.e. we have limf l ^ f0 'Hg(B(p, h)) = H g ({p}) = 0, since any Hausdorf 
measure is diffuse. Dominated convergence entails that lim^o Kh{X, 0) = 0, for any 
A G (0,oo). Consequently, lim n Ky n (X, 0) = 0. Moreover, we get 

R n (a,X) < « w (A, 0) iV 7 (L|™ J/n ) = k {an} (X,0) > 0. 

Next, observe that 

G n (b,X) < N,{e- XH ^^ nb ^L{ nbVn ) = C/(A,M) . 

By (p]), we get G n (b,X) < U(X,b). By (EH]), % 9 is a finite measure. Then, b h-> 
"H g (i?(p, 6) ) is right continuous. Recall that we work with a right- continuous modification 
of 6 i— >■ L\ . Therefore, Fatou's Lemma implies 

U(X,b) = NJe- xn ^ B{p ' b)) L b c ) < liminf G(b,X) , 

' n 

Thus, we get 

lim GJb, X) = U(b, X) = iV 7 ( e -™ 9 (B( P ,b) ) L b\ _ 

n ' 

By dominated convergence, we get 

[naj — 1 ^ 

lim f " G n (b,X)db = [ N^(e- xn ^ BM) L b )db. 
n Jo Jo 

This limit combined with (190]) implies lim n nKj_(A, 0) = <p(X) G (0, oo), which implies (188]) . 

Next observe that (}88j) implies (dk a /da)(X, 0) = (p(X)d(k a /dp)(X, 0) and by the scaling 
property (1531) we easily get 

0(A) =c A, with c := 0(1) G (0, oo) . (91) 

We next prove that for any b G (0, oo), 

iV 7 -a.e. H g (B(p,b)) = m(B(p,b)) . (92) 
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Proof of $Utyl : we first prove this result for 6 = 1. To that end, we set 

D n (X) = l-e~ xn ^^-S n (X) 

where S n (X) stands for 

S n (\) = V e -XH 3 {B{p,k/n)) ^ _ e -L k ( /n k 1/n (X,0)y 

l<k<n 

We want to prove that lim n N^(D n (\) 2 ) = 0. To that end, observe that 

D n (X) = Vk , 

0<fc<n 

where we have set 

y k = e -\H g {B{p,k/n)) ^ e -L k / n k 1/n (X,0) _ e -XH a {C{k/n))\ ? I < k < 71 , 
V = l- e -XH g (B(p,l/n)) 

with C(k/n) = B(p,^))\B(p,^). Let 1 < k < n - 1. Observe that T(k/n) = 0, 
iV 7 -a.e. on {sup if < k/n}. Thus, = 0, iV 7 -a.e. on {sup H < k/n}. This easily implies 
that 

V0 < k < n , \V k \ < 2 ■ l{ sup H>k/n} ■ 

Since iV 7 (supif > k/n) = v(k/n) < oo, we have iV 7 (|VfcVe|) < oo, for any < k < £ < n 
and N^(V k 2 ) < oo, for any 1 < k < n. Next observe that V$ < V . Thus N^V^) < 
N 7 (Vo) = K!/ n (A,0) < oo. These estimates justify the following: 

N,(D n (X) 2 ) = 2 J2 N i( V M) + J2 ^(Vfc ) . (93) 

0<k<i<n 0<k<n 

We first fix < k < £ < n. Observe that Vg is A^ 7 £/ri) -integrable and (182]) implies 
N^ l,n) (Vi \Qi/n) = 0. Moreover, V k is (?(fc+i)/n-measurable. Therefore, it is £/<y„-measurable. 
Since N^(T(£/n) ^ 0) = iV 7 (supii > tjn) = v(£/n), we get 

N^V k Vt) = vQ N?"*(V k V t ) = vQ N^(V h N^(V £ \ Q l/n ) ) = . 

We next fix 1 < k < n. An easy argument combined with (j82j) entails that for any 
1 < k < n, we have 

N* /n (Vg | g k/n ) = e ~ 2 ^ g (B(p,k/n))^ e -L k c /n k 1/n (2\,0) _ e -2L k/n K 1/n (\,0)y 

Note that A i-> k a (X,0) is clearly concave. Thus, 2k 1 /„(A,0) — Kx/ n (2X, 0) is nonnegative, 
which implies 

iV? /n) (V fe 2 1 g k/n ) < (2« 1/n (A, 0) - K 1/n (2A, 0) 
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This entails iV 7 (V^ 2 ) < 2/«i/ n (A, 0) — «4/ n (2A,0), since iV 7 (L" /n ) = 1. We also checks that 
iV 7 (Vo) = 2Ri/ n (\, 0) — /?i/ n (2A, 0). These bounds combined with (193]) imply 

N y (D n (X) 2 ) < 2nk 1/n (X,0) -n«i /n (2A,0) . 

When n goes to oo, the right member of the previous inequality tends to 20(A) — <f)(2X) 
that is null since <fi is linear. Thus, 

VAe(0,oo), iV 7 (D n (A) 2 ) =0. 

Fatou's lemma then entails liminf n |Z? n (A)| = iV 7 -a.e. Now observe that 

5 B (A) = 2=inS* (A>0 )/ 1 e -A«.(SteLV«j/»)) * (i _ e ^r j/ "«v-(^)) d&. 

Since lim n n«i/ n (A, 0) = 0(A) = c A, we easily get 

JV 7 -a.e. \imS n (X) = c X [ e- XH ^ BM) L b ( db . 
n Jo 

This implies that for any A G (0, oo), iV 7 -a.e. 

1 - e -^(5(P.D) = Co A e -^(B(P>6)) L b rf6 . 

Jo 

Divide this equation by A and let A go to 0, to get H g (B(p, 1)) = L\db. Now recall 
that m = J °° £ b db, which implies (I92p when 6=1. 

By the scaling property, the joint law of T-L g (B(p,b)) and m(B(p,b)) under iV 7 is the 
same as the joint law of b~</^- ls >'H g {B{p ) 1)) and b~</ ( ~<- 1 )m(B(p, 1)) under ft-Vfr-i) JV 7) which 
easily implies (|92p for any 6 G (0, oo). □ 

We next prove the following 

iV 7 - a.e. "H 9 = c m . (94) 

Proof of ([P^l): recall that (g],dj), j G X a , stands for the excursion intervals of if above 
a and that i?"^ stands for the excursion correponding to (g],dj). Recall that we have 
set 7/ = p{[gj,d°i]) and cr" = p(<7") so that the subtree (7/, d, cr") is isometric to the 
rooted compact real tree coded by the excursion if aj . For any 6 > 0, recall the notation 
T>(. < 6) = {a G 7/ : d(a°,a) < 6)} that is the closed ball in (7/, d, a?) with center 
cr" and radius 6. Since r H g (l~ a (- < 6) ) is a measurable function of i7 a ^, the branching 
property (1361) and (J92]) imply for any a, 6 > 0, 

Va,6 > 0, iV 7 -a.e. Vj G X a , ft s (77(- < 6) ) = c m(77(- < 6) ). (95) 
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Recall that m(Sk(7~)) = 0, iV 7 -a.e. (here Sk(7~) stands for the skeleton of T). This 
result, combined with (1951) . shows that there exists a Borel set A C D([0, oo),!R) whose 
complementary set is iV 7 -negligible and such that m(Sk(T)) = and 

Va,6eQ+, VjeX a , U g {T«{- < b) ) = c m(77(- < b) ) (96) 

on A. We now work deterministically on A. Note that for any a £ Q + , any j £ X a and 
any b £ (0, oo), we have 

7?(-<&) = n T 3 a {-<b>). 

b / £Q + :b / >b 

Since m and l-i g are finite measures, ( 1961) holds for any 6 £ [0, oo). 

Let a be a point in T that is not a leaf. Then T\{cr} has at least one connected 
component that does not contain the root p. Let us denote such a component by T°. 
To ease the discussion, we call such a subset of T an open upper subtree. Then, for any 
b £ (0, oo), we denote by T"°(< b) the set of a' £ T° such that d(a, a') < b. It is easy 
to prove that T°(- < b) is the union of a non-decreasing sequence of subtrees of the form 
7/(- < b'), with a £ Q + . This entails U g {f°{- < b)) = c m(T°(- < b)). 

We next fix o~ £ T and r > 0. We denote by 7/, j £ J7" the connected components 
of T\[p, er]. For any j £ J7", denote by (Xj the unique point of [p, cr] such that {aj} U 
is the closure of T°. Note that Tj is a connected component of T\{<7j-} that does not 
contains the root. Namely, T° is an open upper subtree. Moreover, observe that 

B(p, r)\[p, a]=\J {T°{ ■ <r-d(cr, a,)); j £ J : < d( < r, ^) < r}. 

This implies H(B(p, r)\[p, <r]) = Co m(i?(p, r)\[p, a]). Now note that [p, <r] is isometric 
to a compact interval of the line. Thus, the Hausdorff dimension of [p, a] is 1 (or if it 
reduces to {p}). Therefore, H 9 ([p, a]) = 0, since g is regularly varying at with exponent 
7/(7 — 1) > 1. Next observe that [p, cx[c Sk(T). Consequently, we get m([p, cr]) = 0. 
We thus have proved that on A, 7-L g and Com are finite Borel measures on T that agree 
on the set of all closed balls of T . This clearly implies (1941) . □ 

We have proved that (1841) implies T-L g = cq m iV 7 -a.e. We now argue as in the proof 
of Theorem 11.31 to get a contradiction thanks to the test stated in Proposition 11.41 This 
proves that (1841) is wrong, which entails (Claim 2). As already mentioned, it completes 
the proof of Theorem 11.51 □ 
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